Abstract. Gradient Ricci almost solitons were introduced by Pigola, Rigoli, Rimoldi and Setti [20] . They are defined as solitons except that the metric coefficient is allowed to be a smooth function rather than a constant. It is shown that any almost soliton is conformal to another almost soliton having a soliton function which is minus the original one. Uniqueness, and the case where both the source and target are solitons, are studied. Completeness of the target metric is also examined in the case where the source is Kähler and admits a special Kähler-Ricci potential in the sense of [10, 11] .
Introduction
A gradient Ricci soliton on a manifold M is a Riemannian metric g satisfying (1.1) r + ∇df = λg, where r denotes the Ricci curvature of g, ∇df stands for the g-Hessian of a smooth function f and λ is a constant. We call f the soliton function, λ the metric coefficient and (g, f ) a soliton pair. If f is constant the soliton is deemed trivial. Ricci solitons have been intensively studied in recent years (cf. [12, 5, 18] ), and their importance derives in part from the role they play in the study of the Ricci flow. More recently, the more general notion of a gradient Ricci almost soliton was introduced by Pigola, Rigoli, Rimoldi and Setti [20] , and further studied in [2] and [1] . We will often employ the term "almost soliton" for brevity. Almost solitons and almost soliton pairs are also defined via (1.1), but with the metric coefficient λ an arbitrary smooth function. In this case we call (g, f ) an almost soliton pair, yet f is still called the soliton function. A more general notion considered in [17] is that of a pair (g, f ) as above satisfying a Ricci-Hessian equation (1.2) r + α∇df = λ g, in which the coefficients α, λ are smooth functions. The classical problem of determining whether an Einstein manifold can be mapped conformally onto another Einstein manifold goes back to Brinkmann [3] , and was addressed by many authors (see [16] ). In work carried out very recently, the corresponding question for other metric types has been taken up by Jauregui and Wylie in [14] . In the context of generalized quasi-Einstein metrics, a category which includes almost solitons, it was found that under certain assumptions a strict classification holds, with metrics having such a "dual" metric being certain warped products with a one dimensional base. An important assumption that was made in this classification is that the conformal diffeomorphism preserves, in a certain sense, the generalized quasi-Einstein structure. Remarkably, we show in this work that relaxing this condition just a little completely annuls the above-mentioned strictness. Namely, in the context of almost solitons and a single conformal class, we find a "dual" almost soliton conformal to any given one (and, in particular, to any given Ricci soliton). In particular, this gives many new examples of Ricci almost solitons.
More precisely, we have, Theorem A. In the conformal class of an almost soliton g on a manifold M of dimension n > 2, there exists another almost soliton g, which is nonhomothetic to g if g is nontrivial. The metric g is unique among almost solitons in the conformal class for which both their conformal factor to g and their soliton function are smooth functions of the soliton function of g. If g is complete and nontrivial, g and g cannot both be gradient Ricci solitons.
In terms of almost soliton pairs, the dual is given by
n−2 g, −f ). This should be compared with
Both are involutions on the space of pairs, suitably defined. The latter was important in [17] and has an invariant subset consisting of pairs satisfying a Ricci-Hessian equation, while (1.3) possesses, by Theorem A, a smaller invariant set consisting of gradient Ricci almost soliton pairs. The relation between the two involutions can be seen by analogy. The equation describing the Ricci tensor of a metric conformal to a gradient Ricci almost soliton contains the Hessians of both the conformal factor and the soliton function of the latter metric. In this formula these Hessians have the following interchangeable role. Each of the conformal changes in (1.4) and (1.3) implies a particular functional relation between the conformal factor and the soliton function, which reduces the equation to a simpler one, namely a Ricci-Hessian equation in one case (with the Hessian of the conformal factor appearing in one of the terms), and an almost soliton equation in the other case (with one of the terms being the Hessian of the soliton function). It is interesting to note that the square root of the conformal factor in (1.3), namely e − 2f n−2 , has been employed in a number of works as an important conformal factor in its own right (aside from [14] , see [6] , [21] , and also in the very recent [19] ). Its effect on the first equation mentioned in the previous paragraph, is a simplification resulting in an equation involving, instead of a Hessian, the tensor product of a one form with itself, the one form being the differential of the soliton function.
The study of both involutions can be applied to the case where g is Kähler. However, we will review the fact that any gradient Kähler-Ricci almost soliton is, in fact, a gradient Kähler-Ricci soliton. In the case of a Kähler metric conformal to a gradient Ricci almost soliton, a pertinent role is played by a potential for a Killing vector field. For the involution (1.4), this Killing potential is just the square root τ of the conformal factor, while for involution (1.3) it is the soliton function f . Both of these are the extreme special cases in the moduli space considered in [9] , a work written in Polish. There, in the context of Kähler metrics conformal to gradient Ricci solitons, both τ and f are regarded as essentially arbitrary functions of some Killing potential.
One consequence of Theorem A is that a complete gradient Kähler-Ricci soliton cannot have an image g under the involution (1.3), which is Kähler with respect to some complex structure. This is in sharp contrast with the behaviour of the involution (1.4), as was shown in [17] .
As mentioned above, the duality presented here furnishes many new examples of gradient Ricci almost solitons, for example the duals to known gradient Ricci solitons. After proving Theorem A via Propositions 2.1-2.3, we study in the final section the completeness question for the dual g, in the case where g is a gradient Kähler-Ricci soliton which is at the same time a metric with a special Kähler-Ricci potential, in the sense of [10] . These solitons belong to a type studied by Koiso [15] , and also Cao [4] . In some cases g is complete.
The author thanks the referee for various suggestions for improving the style of this work.
Duality and Ricci solitons
2.1. Conformal changes. Let (M, g) be a Riemannian manifold of dimension n, and τ : M → R a C ∞ function. We write metrics conformally related to g in the form g = g/τ 2 , and let ∇, ∇ denote the corresponding Levi-Civita connections as well as the metric gradient operators. The Koszul formula,
for smooth vector fields u, v, w, with d u etc. denoting directional derivatives, yields the following expression for the g-Hessian of a function f :
where dτ ⊙ df = (dτ ⊗ df + df ⊗ dτ )/2 with ⊗ denoting the tensor product. We will be concerned primarily with the case where df ∧ dτ = 0, i.e., at points where df = 0, τ is given locally as a composition τ = H • f for some smooth function H : R → R. In this case, (2.1) becomes
with ′ denoting differentiation with respect to f and | · | is the g-norm. Also recall the conformal change expression relating the Ricci tensors of g and g, with ∆ denoting the Laplace operator:
In the case where τ depends locally on f , we write the second term on the right in terms of f , obtaining
2. Duality for almost solitons. With M, g, f and other notations as above, we consider the case where the pair (g, f ) forms an almost soliton pair.
Proposition 2.1. Let M be a manifold of dimension n > 2, and suppose (g, f ) denotes an almost soliton pair satisfying (1.1). Then ( g, f ) := (g/τ 2 , −f ), with
n−2 , is also an almost soliton pair. The latter pair satisfies r + ∇d f = λ g, with (2.5)
where
2 denote the coefficients of g in (2.3) and (2.2), respectively.
At times g will be referred to as the almost soliton dual to g, and (1.3) will then be called a duality.
Proof. Noting that f = −f , one has, by (2.4) and (2.2),
where in the penultimate equality we have used the expression for τ as a function of f .
2.3.
Uniqueness. We show here that among all choices of a conformal factor τ and a soliton function f in which both are functions of the initial soliton function f , (essentially) only the combination of these two given in (1.3) gives rise to a dual almost soliton.
Proposition 2.2. On a manifold M of dimension n > 2, let g be a gradient Ricci almost soliton with soliton function f . Suppose τ (f ), k(f ) are smooth functions of a real variable, regarded as functions on M via composition with f , and τ (f ) is nonconstant. Assume (τ (f )) −2 g is a gradient Ricci almost soliton with soliton function
n−2 and k(f ) = −f up to an additive or, respectively, a multiplicative constant.
Proof. A computation similar to the one in Proposition 2.1 yields that for a dual almost soliton we have, for the coefficients of ∇df and df ⊗ df , the following two equations, respectively:
Subtracting the derivative of the first equation from the second equation yields, after dividing by the nonzero coefficient τ ′ and rearranging, the equation
Substituting this in the first equation yields k ′ = −1, so that k(f ) = −f up to an additive constant, and then from (2.6) we have τ (f ) = e 2f n−2 , up to a multiplicative constant.
2.4.
The mapping problem for solitons. We now consider whether the image of a gradient Ricci soliton under the map (1.3) can itself be a soliton. It will turn out that this can happen only rarely. First, note that a gradient Ricci soliton satisfies (2.7)
∆f − |∇f | 2 = −2λf + k for a constant k, with f and λ as in (1.1). This relation given by Hamilton (cf. [8] ) is deduced by combining the trace of the soliton equation with a computation involving the Ricci identity.
Recall that a gradient Ricci soliton is called steady if its metric coefficient function vanishes. Proposition 2.3. Let M be a manifold of dimension n > 2. If, on M, the image of a gradient Ricci soliton pair (g, f ) satisfying (1.1) under the map (1.3) is also a gradient Ricci soliton pair, then either f is constant or both metrics are incomplete steady solitons and the constant k of (2.7) is zero.
Proof. The proof resembles Proposition 6.1 in [14] . In fact, writing the metric coefficient λ of (2.5) explicitly, we have
with τ = e 2f n−2 . Using the latter relation along with |∇τ
and so
Equations (2.8) and (2.7) both hold exactly when
n−2 − λ) = −2λf + k.
Applying the operator d to this equation, with λ and λ constant, yields that solutions only occur for n = 2 if f is constant or λ = λ = 0. In the latter case, we proceed as in [14] , Namely, we have ∆f − |∇f | 2 = 0 by (2.8). Thus, because the scalar curvature R of a steady (λ = 0) soliton satisfies R = −∆f , we get −R − |∇f | 2 = 0. Now it is known [7] that for g a complete steady soliton, R ≥ 0. Consequently, in that case |∇f | 2 = 0, so that again f must be constant. Thus if it is not constant, g must be incomplete, and since g and g are symmetric with respect to the involution (1.3), the metric g is also incomplete. Finally, from Equation (2.9), if λ = λ = 0 then k = 0 as well.
3. The Kähler case 3.1. Generalities. The Kähler condition forces an almost soliton to be a soliton.
Proposition 3.1. Let M be a manifold of even dimension n ≥ 4. A gradient Ricci almost soliton pair (g, f ) on M, for which g is Kähler with respect to some complex structure J, is in fact a gradient Kähler-Ricci soliton.
This follows from Lemma 6.1(ii) of [10] . For completeness, we give the proof in a form that resembles Proposition 3.3 of [17] . For this, recall that a Killing potential f on a Kähler manifold (M, J, g) (with J the almost complex structure), is a smooth function for which u := J∇f is a Killing vector field, i.e. L u g = 0 where L u is the Lie derivative.
Proof. From (1.1) , since g and the Ricci curvature r are hermitian, so is ∇df . By [10, Lemma 5.2] , this implies that f is a Killing potential. By [10, Lemma 5.5 ], this in turn implies that ∇df (J·, ·) = d(ı ∇f ω)/2. Now compose Equation (1.1) with J and apply the differential operator d to the result. Using the conclusion of the previous paragraph and the fact that the Kähler form ω and the Ricci form are closed, one arrives at 0 = dλ ∧ ω. But the operation ∧ω is injective on 1-forms in dimensions four and above. Hence dλ = 0.
Note that for any gradient Ricci almost soliton it is known that the metric coefficient function is locally a function of the soliton function (see Remark 2.5 in [20] ).
As mentioned in the introduction, unlike the situation for the involution (1.4), Propositions 2.1, 2.3 and 3.1 together imply that in the Kähler setting, the property of having a dual complex structure does not hold for the involution (1.3):
Corollary 3.2. Given a nontrivial complete gradient Kähler-Ricci soliton g with soliton function f , the metric e −4f n−2 g is not Kähler with respect to any complex structure.
In fact, we know that the metric in question is an almost soliton. If it were Kähler, it would be a Kähler-Ricci soliton. Both this metric and g would thus be gradient Ricci solitons, but in that case g cannot be both complete and nontrivial.
The propositions above can be applied to the study of the setting analogous to the one considered in [17] , namely that of a Kähler metric conformal to a gradient Ricci almost soliton. Note that, as the latter is the target metric in this setting, in the next proposition our notations for the metrics are reversed from those in the rest of this work. , then g is a Kähler-Ricci soliton.
Proof. Since g is conformal to an almost soliton, (2.1) and (2.3) yield
with λ the almost soliton coefficient function of ( g, f ). If dτ ∧ df = 0, we regard τ as a function of f , and this expression becomes, in similarity with Proposition 2.1,
with β, δ as in that proposition. As f is a Killing potential for the Kähler metric g, the Hessian ∇df is hermitian with respect to the associated complex structure, and thus all the terms in the last equation are hermitian except for df ⊗ df . Thus for the latter term, the coefficient (n − 2) τ −1 τ ′′ + 2τ −1 τ ′ must vanish, giving an ODE whose solution with the given initial conditions is τ = exp(−2f /(n − 2)). We can now apply Proposition 2.1 (with g and g interchanged), to conclude that g is a gradient Ricci almost soliton. As g is Kähler, Proposition 3.1 yields that it is in fact a gradient Kähler-Ricci soliton.
3.2. Example: Ricci solitons that admit a special Kähler-Ricci potential.
Metrics with special Kähler-Ricci potentials have been studied in [10, 11] and [17] . If a gradient Ricci soliton also admits such a potential, it is of a type first considered by Koiso [15] , and also Cao [4] . We give here an independent viewpoint on such metrics and then consider their dual under the map induced by (1. The coefficients α, λ are smooth functions, and in fact locally functions of f . The metric g is called an SKR metric and (g, f ) is called an SKR pair. We turn next to the local classification of metrics with a special Kähler-Ricci potential. We consider only the non-trivial case, of metrics that are not local products of Kähler metrics. In this case the metrics come in the following families involving one free function, described using a variant of the Calabi construction.
Let π : (L, ·, · ) → (N, h) be a Hermitian holomorphic line bundle over a Kähler-Einstein manifold of complex dimension m − 1. Assume that the curvature of ·, · is a multiple of the Kähler form of h. Consider, on L N (the total space of L excluding the zero section), the metric g given by (3.11) g| The function Q of a nontrivial SKR metric as above is given by Q(f ) = 2f c φ(f ), where φ(f ) is a solution to the ordinary differential equation derived from (3.10). Namely,
holds at points which are not critical for f and for which φ ′ (f ) is nonzero, with κ the Einstein constant of the metric h [17, Proposition 4.1].
We now suppose that the Ricci-Hessian equation of an SKR metric also defines a gradient Ricci-soliton, in other words α = 1 and λ is constant in (3.10). Substituting α = 1 in (3.12), the resulting differential equation has solutions φ(f ), which we take for positive φ, given by
for constants A, B. One can verify that for these φ the function λ is indeed constant, as it must be by Proposition 3.1, from the formula
valid for any such SKR metric (see [17, Section 4.2] ). The almost soliton dual under (1.3) to an SKR metric of this type is thus given by (3.14) g| H = 2|f c |e
n−2 Re ·, · .
We now examine conditions under which g is complete. Assuming the manifold N is compact, it is enough to check completeness for the g-geodesics normal to, say, the zero section of L, an f -critical manifold. Since the conformal factor is a function of f , it follows that these geodesics coincide, as unparametrized curves, with the g-geodesics normal to the zero section. In fact, unparametrized g-geodesics form integral curves of v := ∇f (see [11, Section 8] ), and thus ∇ v v = αv for some function α. Now for vector fields x, y on M, we have the conformal change formula ∇ x y = ∇ x y − (d x f )y − (d y f )x + g(x, y)∇f . Thus ∇ v v = (α − 2d v f + |∇f | 2 )v := βv, and therefore the g-geodesics also coincide with integral curves of ∇f .
To obtain the arc length formula, we first reparametrize an integral curvex(t) of ∇f so that f itself is the new parameter, giving the form x(f ). Then the velocity is given by x ′ (f ) = ψ ′ (f )x ′ (ψ(f )) = ψ ′ (f )∇f |x (ψ(f )) , where t = ψ(f ) is the reparametrization map and the prime denotes differentiation. To compute ψ ′ (f ) we apply g(·, ∇f ) to this equation, giving
Thus the velocity x ′ is given by 
